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LE'ITER TO THE EDITOR 

Linear covariance algebra for SL,(2) 

Ya I Granovskii and A S Zhedanov 
Physics Department, Donetsk University, Donetsk 340055, Ukraine 

Received 5 January 1993 

Abstract. The Askey-Wilson algebra nw(3) is shown to serve as a 'hidden' covariance 
algebra for quantum algebra SL$). The generators of aw(3) are chosen to be linear 
combinations of SLJZ) generators with operator-valued coefficients. 

The now widely investigated SL,(Z) algebra [ 11 is not invariant under linear transfonna- 
tions of its generators and thus loses one of the most important and useful properties 
of the Lie algebras. Here we will show that this property may be restored by admitting 
the coefficients in linear combinations to be operator-valued factors. 

The SL,(Z) algebra is defined by commutation relations [ 11, [2] 

[A,, A+]=*A* [A-, A+] = U exp(2wAo)+ U exp(-20Ao) (1) 

where U and U are real parameters, w > 0. The special cases of the algebra (1) and 
SU9(2) ( u = - v < O ) ,  SU,(l , l)  ( U = - u > O ) ,  CUJ2) (u=u>O) and EUJ2) (uu=O) 
[Z] (CU,(Z) and EU9(2)  are known as q-oscillator algebras [Z-41). 

The Casimir operator of SL,(2) commuting with its generators is 

U exp(-ZwAo)-u exp(2w(Ao-1)) 
1 -exp(-2w) 

c j  = A+A-+ 

1," what follows we will proceed to the space with fixed value Q of the Casimir operator 
Q, i.e. this means that the expressions A,A-, A-A,, etc, will be reduced by means 
of equation (2). 

Consider the operators 

K ,  = a l  exp(wAo)A++a2A-exp(wAo)+a3exp(2w~) 
&=PI exp(-wAo)A++p2A- exp(-wA,)+p, exp(-2wAo) (3) 

where ai, pi are arbitrary complex parameters. 
Then it can be directly verified that these operators together with their q-mutator 

K ,  = [ K ,  , K2], = e"K,K2 - e-@K2K,  (4) 
are closed in frames of linear algebra under q-mutations 

Explicit formulas for the structure constants B, C,, 0; are given in the appendix. 
The algebra (5) is known as Askey-Wilson ( ~ w ( 3 ) )  algebra [SI. Due to simple 

q-mutation relations its representations, spectra, overlaps and other properties are 
immediately obtained (for details see [SI). 
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For example, if the spectrum of KI is a purely discrete one and the spectrum of 
K2 is mixed (this happens for discrete positive series of SU,(I, 1) if a ,  = a?, pI =pf) 
then the overlaps between eigenstates of these operators are expressed in terms of 
Askey-Wilson polynomials, introduced in [6 ] .  (Relations between these polynomials 
and representations of ~ w ( 3 )  algebra are considered in 151.) Analogously to the case 
of Lie algebra these overlaps have the meaning of the generalized spherical functions 
for SLq(2) algebra. (In 171, a similar approach to the construction of spherical functions 
for SUJ2) was proposed, however covariance property (3)-(5) was not found.) 

Thus, AW(3) algebra serves as 'hidden' covariance algebra being a natural extension 
of linear covariance property of ordinary Lie algebras. 

The covariance property (3)-(5) allows one to obtain many useful results for SL9(2) 
itself. For example, choosing 

a,=p,=0 ala2 = -e-"/4 cosh w sinh w = e"/4 cosh w sinh 2w 

we obtain the 'Cartesian' version of SLq(2) 

[KO, Kbl, = e a J L  ( 6 )  

(eob, is a completely antisymmetric tensor). This form is an exact q-analogue of ordinary 
rotation algebra O(3); the 'Cartesian' version for SU9(2) was considered in [SI. 

Great Bexibility of transformations (3) gives rise to much improvement and sim- 
plifications in quantum algebra theory. Indeed, one can show that the same ~ w ( 3 )  
algebra plays the role of 'hidden' symmetry for Clebsch-Gordan and Racah problems 
for SL,(2) [9,10]. Moreover, there is a remarkable 'hidden' relation between Racah, 
Clebach-Gordan and Wigner problems not having any 'classical' analogue [9]. 

Appendix 

In this appendix we present explicit formulae for the structure constants of ~ w ( 3 )  

Let us write the first q-mutator in (5) in the form 
algebra on given realization (3 )  with fixed value Q of the Casimir operator Q (2). 

[K,, KJlW E 2 cosh Z ~ K ~ K I K Z - ( K ~ K Z +  K%). (AI) 

We see that this q-mutator is linear in K,. So, in order to obtain the first q-mutation 
in (5) it is sufficient to evaluate it separately for K,=expfwAo)A+, A-exp(wAi,), 
exp (ZwA,) then sum the results. Thus we obtain 

B=4sinh2w(a3p3+Qr) (A-2) 

C, = 4u e-"p,p2 cosh w sinh 2w (A31 

D, =2sinh2w(up37+2Q e-w/3,p,a3sinho) (A4) 

where 

r =  u,p2+a,p , .  

Analogously, writing the second q-mutator in (5) in the form 

[ K 3 ,  K , ] ,  -2cos.h 2wKlK2K~-(K:K2+K2K:) (Ab) 
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we obtain the remaining coefficients 

C, = -4ve"a,a, cosh o sinh 2w 

Dz=2sinh2w(2Qe" sinhwo,a2P3-ua3T). 147) 

In contrast to the case of Lie algebras, the structure constants B, D , ,  D2 contain 
Casimirvalue Q, i.e. the form of ~ w ( 3 )  algebra (5) depends on representation of SL,(2). 

Note obvious symmetry of the coefficients C,-Cz, D,-DZ, B u B  under the 
exchange U-U, w + -o, a,-pj. 
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